Phyllotaxis, the arrangement of a plant's phylla (flowers, bracts, stickers) near its shoot apical meristem (SAM), has intrigued natural scientists for centuries. Even today, the reasons for the observed patterns and their special properties, the physical and chemical mechanisms which give rise to strikingly similar configurations in a wide variety of plants, the almost-constant golden divergence angle, the almost constant plastichrone ratio, the choices of parastichy numbers and the prevalence of Fibonacci sequences to which these numbers belong, are at best only partially understood. Our goals in this Addendum are:
(i) To give a brief overview of current thinking on possible mechanisms for primordia (the bumps on the plant surface which eventually mature into fully developed structures such as leaves or florets) formation and give a descriptive narrative of the mathematical models which encode various hypotheses.
(ii) To emphasize the point that patterns, whether they be phyllotactic configurations on plant surfaces or convection cells on the sun's surface, are macroscopic objects whose behaviors are determined more by symmetries of the proposed model and less by microscopic details. Because of this, the identification of observations with the predications of a particular model can only be made with confidence when the match coincides over a range of circumstances and parameters.
(iii) To discuss some of the key results of the proposed models and, in particular, introduce the prediction of a new and, in principle, measurable invariant in plant phyllotaxis. Experiments involving the applications of the hormone auxin and its inhibitors [5] [6] [7] [8] have established that auxin plays an important role in primordia formation. But only in the last few years has it been understood how a uniform concentration of auxin could give rise to an inhomogeneous quasi-periodic pattern of enhanced and depleted auxin zones. The key idea for this instability, vividly seen visually in the beautiful experiments of Kuhlemeier and his group [5] [6] [7] [8] and Meyerowitz et al., 9 on Arabidopsis, is that the PIN1 proteins in each cell on the plant's surface can be regulated by the relative distributions of auxin in neighboring cells so that these proteins gravitate to and polarize in the cell walls. The net effect is to drive auxin in the direction of its concentration gradient. This reverse diffusion gives rise to instability of a spatially uniform auxin concentration state and a pattern whose wavelength, approximately 12 to 15 cell diameters, is determined by a balance of auxin loss to the plant body and PIN1-mediated transport.
Elaborate mathematical models of Jönsson et al., 9 simulate and indeed capture much of the overall dynamics in detail and show the beginning of a quasi-periodic array of centers of auxin enhancement and depletion. But many important questions remain open. In the experiments, the plant surface clearly undergoes significant deformation as the regions of primordia formation begin to bulge out into fully developed structures. No such surface deformations are treated in the model of Jönnson et al., 9 Further, it has been shown in many plants, for example, sunflowers, that growing tissue creates compressive stresses in the plant's tunica. 10 Indeed, Green and others [11] [12] [13] [14] [15] [16] [17] have argued that the compressive stresses are responsible for producing a buckling of the tunica. In particular, they suggested that the circumferential compressive stress due to the growth of the annular primordia forming region in the neighborhood of the SAM was the main trigger for primordia growth. Their argument was that the inhomogeneous stress distribution associated with the buckled tunica surface stimulates an inhomogeneous production of hormones which promotes the growth of primordia in the regions of enhanced hormone concentration. A somewhat different role for stresses, whereby a variation in the tension field in the tunica (caused by variation in auxin distribution) leads to primordium bump formation, is discussed by Fleming. 18 In order to address the question of the cooperation and competition of mechanical and biochemical processes, we developed a mathematical model which includes both. 19 Our model takes advantages of the observations in Arabidopsis that the pattern wavelength is large with respect to the cell diameter. 9 We can therefore legitimately use continuous (rather than discrete) field variables to represent both the local auxin concentrations and surface deformation. Fluctuations in auxin concentration influence the mechanical forces in the tunica by creating uneven growth and are manifested by an additional strain contribution in the stress-strain relationships. On the other hand, inhomogeneities in the stress distribution are assumed to lead to changes in auxin concentration. The exact way in which stresses influence biological tissue growth (weight-bearing bones and fruit stems become stronger) is still an open challenge to biologists. We simply assume that the auxin-produced growth is proportional, in a first approximation, to how much average tensile stress the local elemental volume (which will contain many cells) feels. This is best measured by the trace of the stress tensor at that location.
We analyze the model by imagining that the domain of interest, an annular region in the neighborhood of the SAM, is sufficiently large to accommodate many pattern wavelengths. Then we represent the surface deformation and auxin fluctuation fields by a combination of quasi-periodic Fourier modes whose angular wave numbers m are integers. The amplitudes of each of the modes are called order parameters and play the same role as similarly named variables do in the description of phase transitions. A great simplification of the model (and the universality of pattern characteristic behaviors) is seen near the onset of primordium formation where one or both of the two most important parameters, encoding how far the system is from equilibrium, are near their threshold values. Namely, we assume either or both of the PIN1-transport coefficient leading to reverse diffusion and the growth-induced circumferential stress are near critical values. In that case, the order parameter amplitudes satisfy simple, nonlinear algebraic equations which are multinomial Taylor expansions in the amplitudes of the participating modes and the amounts by which the important parameters are super-or subcritical. All the microscopic details, the radius of the active annular region, the circumferential stress, PIN1 transport, regular auxin diffusion and loss of auxin to the bulk, the elastic properties of the tunica, are contained in the coefficients of the order parameter equations (equations (3.3) in ref. 19 ). This is a very important point we wish to stress. Many different pictures and hypotheses as to the origin of phyllotaxis will yield very similar sets of order-parameter equations. The shape of the equations, namely which terms appear, or do not appear, only depends on certain symmetries the models have in common. The devil is in the details. To say that one or other particular model is the correct one requires one to show that the observed features, the phyllotactic pattern in many different plants, the associated surface deformations and surface tilings, the changes in the pattern as the plant grows, are matched by theory. Moreover, the job of theory is not only to identify the correct model from a mechanistic point of view but to find the simplest nontrivial model which captures most of the observed behaviors. Describing patterns in which changes occur over cms in terms of thousands of basic elements which have length scales of microns does not usually lead to enhanced understanding of the patterns themselves.
While our model is perhaps too simple, it does produce several significant results, two of which we discuss here. First, it explains how in some plants, for example, cacti, the surface deformations, which may be ridge-dominated, can be different from the phyllotactic configuration in which the pattern consists of flowers and stickers lying on families of spirals. What our analysis shows is that, if the circumferential stress in the formative region is subcritical (the region may even be in tension) but the PIN1 transport is supercritical, the surface deformation will be slaved to the phyllotactic configuration. Namely, the surface deformation will have its maxima and minima at maxima and minima of auxin concentration. But as the circumferential stress nears its critical value and the natural instability wavelength of the two instabilities match, there is cooperation between the processes and the surface deformation and auxin concentration field patterns can be quite different. In our recently published paper, 19 we document several examples (reviewed in refs. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Second, we have discovered a new plant invariant which highlights the self-similar nature of the plant patterns one sees, for example, in the diamond and offset-diamond tilings of a sunflower head. 20, 21 The invariant follows from a set of symmetries in the order parameter equations in which the set of equations remains invariant under transformations which simulate moving radially outward in the sunflower head. If we imagine that the set of participating modes is enumerated by the circumferential wavenumbers m belonging to the regular Fibonacci sequence (we and others have explained elsewhere why this sequence is preferred), then at different radii on the sunflower head, different sets of modes m will play dominant roles. The reason for this is that the pattern wavelength is an intrinsic constant only depending on plant parameters. Therefore, more and more of these sinusoidal oscillations fit around the annulus the further out one goes. It turns out that, at any given radius, the pattern is shaped by four modes, two dominant, two less dominant, (all other modes at this radius have very small amplitudes) whose circumferential wave numbers m 1 Fig. 1B) , this graph will have the same shape at all radii although the participating wavenumbers move down the Fibonacci sequence as we move towards the center of the sunflower head. In Figure 1 , we compare an actual sunflower head (Fig. 1A) with our theoretical replica (Fig. 1C) .
To this point, our model has assumed that the phyllotactic configurations and the surface deformation all form in a large annulus more or less simultaneously. This is not what happens. In real plant growth, the center of the meristem consists of a less-stiff region of undifferentiated cells where new cells are created and which become increasingly differentiated near a certain radius r = R 1 (t) as they take on the stiff nature of the plant's tunica. A simple pattern, usually of decussate phyllotaxis, forms in the annular region R 1 (t), R 2 (t) where r = R 2 (t) is the outer region of the meristem. Both R 1 (t), R 2 (t) grow with time, the former more slowly because of the transition from undifferentiated to differentiated cells. As new tunica surface is created at r = R 1 (t), the new primordia are initiated there, namely in a very narrow annulus (about one wavelength λ in radial width) Plant between the region r < R 1 (t) of undifferentiated cells and the region R 2 (t) > r > R 1 (t) + λ of a fully developed pattern.
As the radius at which new primordia are formed increases, the configuration will evolve, from a decussate configuration on the outside to a spiral form of phyllotaxis with higher and higher Fibonacci numbers on the inside. This enumeration is reversed in some plants; e.g., the sunflower (reviewed in ref. 22) . In order to model this picture, we now treat these regions separately and allow for solutions of our equations which capture the synchronization of moving fronts. One front connects the region of undifferentiated cells with the undeformed tunica surface. The other connects the latter, which is unstable to the patterned state, with the patterned state. Our simulations to date have produced patterns very similar to what is observed. They also bring us more in line with the paradigms and pictures of Hofmeister, 1 Snow & Snow, 2 and Douady and Couder. 3, 4 Finally we want to point out that while phyllotaxis is perhaps the granddaddy of pattern-forming systems in biological tissues, there are many other situations where the pattern is produced by a symbiosis between growth-induced mechanical forces and biochemical processes. 23, 24 In particular, we note that the epidermal ridges on our fingertips are formed by a combination of mechanical forces in the epidermal skin layer initiated by the collapse of volar pads in the foetus stage of life and the nonuniform distribution of Merkel cells in the basal layer which appears to play a role in the formation and utility of the patterns of nerve filaments which carry information from our fingers to our central nervous system. These nerve endings end in concentrations of Merkel cells which lie along the epidermal ridges in hexagonal lattices. Whereas the reason for the mechanical instability is understood (buckling of the epidermal layer 25 ), we do not yet understand the analogy of PIN1 reverse diffusion, namely what leads to the biochemical instability (chemotaxy?-haptotaxy?-A mechanism akin to PIN1?) to a nonuniform pattern of Merkel cells.
We are at the beginning of a very exciting state in biology where we might at last appreciate the symbiosis between mechanical and biochemical processes in producing self-organizing behavior in biological tissues on scales far larger than those of genes and cells. 
